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We show how to quantify tri-partite entanglement using entropies derived from experimental
correlations. We use a multi-partite generalization of the entanglement of formation that is greater
than zero if and only if the state is genuinely multi-partite entangled. We develop an entropic
witness for tripartite entanglement, and show that the degree of violation of this witness places a
lower limit on the tripartite entanglement of formation. We test our results in the three-qubit regime
using the GHZ-Werner state and the W state, and in the high-dimensional pure-state regime using
the triple-Gaussian wavefunction describing the spatial and energy-time entanglement in photon
triplets generated in third-order spontaneous parametric down-conversion. In addition, we discuss
the challenges in quantifying the entanglement for progressively larger numbers of parties, and give
both entropic and target-state-based witnesses of multi-partite entanglement that circumvent this
issue.
I. INTRODUCTION
Between three or more parties, entanglement has been
intensely studied over the last two decades. With the ad-
vent of applied quantum information, device-independent
secure quantum communication, and quantum computa-
tion, understanding and characterizing all forms of en-
tanglement in real media remains an essential capabil-
ity that must be mastered to make these technologies
scalable toward quantum supremacy. Moreover, multi-
partite entanglement has been shown to give advantages
in quantum networking protocols (e.g., quantum secret
sharing [1] and network key distribution [2]) as well as in
quantum metrology [3]. However, properly characteriz-
ing multipartite entanglement remains a daunting task.
While entanglement between two parties has matured
to the point that it is possible to experimentally quan-
tify much of the entanglement present [4, 5] without per-
forming unscalable calculations (NP-hard in general) or
tomography, entanglement between three or more par-
ties is still relatively underdeveloped. Though there ex-
ist multipartite entanglement monotones for pure states
[6–9], the challenges in using these to quantify the entan-
glement present in mixed states are formidable for both
fundamental and practical reasons.
Fundamentally, the main stumbling blocks to quanti-
fying (genuine) multipartite entanglement are two-fold.
The first challenge comes from local operations and clas-
sical communication (LOCC) being the primary way to
tell whether one state is more entangled than another
[10]. While this works perfectly for ordering bipartite-
entangled states, there are pairs of tripartite entangled
states that cannot be converted into each other in either
direction via LOCC [11]. The second challenge is in de-
veloping a unit of multi-partite entanglement. While all
bipartite entangled states can be synthesized using copies
∗ james.schneeloch@gmail.com
of two-qubit Bell states (i.e., ebits), the minimum set of
entangled states needed to be able to synthesize all multi-
partite states is unknown [12] (and remains an open prob-
lem). It is because of these issues that most multi-partite
entanglement monotones are purely geometric, and that
resource-based measures of multi-partite entanglement
describing the number of elementary multi-partite states
required or produced in quantum information protocols
need further development.
In this paper, we develop a conservative bound to
the tripartite entanglement of formation (denoted here
as E3F ) discussed in [9] using quantum entropies ob-
tained from experimental correlations, as this measure
has the greatest potential to be a resource-based mea-
sure with further theoretical development. We show how
this strategy works both for three systems entangled in
either discrete or continuous-variable degrees of freedom
(e.g., photon triplets generated in third-order parametric
down-conversion).
As a tripartite entanglement monotone: E3F is
nonzero if and only if the state is genuinely tripartite
entangled; it is invariant under local unitary transforma-
tions, and is non-increasing under LOCC. What distin-
guishes E3F from other tripartite entanglement measures
is that it is additive under tensor products of pure states,
so that E3F for N copies of a pure state is N times larger
than for a single copy. This additivity is essential for a
resource-based measure of entanglement.
The ordinary entanglement of formation, EF , quan-
tifies the number of ebits needed to synthesize a bipar-
tite entangled state with LOCC, but it remains to be
shown what protocol exemplifies E3F . Even so, E3F has
a principal unit of the three-qubit GHZ state (here called
the three-party gebit for three-party GHZ-entangled bit).
Without an exemplary protocol, we can still say whether
some high-dimensional tripartite state contains more tri-
partite entanglement than a number of gebits (see Ap-
pendix D for example), but understanding what the ex-
emplary protocol is is an important subject for future
research. Where multi-partite states can require mul-
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2tiple varieties of maximally entangled states to synthe-
size through LOCC, any single-valued resource measure
of multi-partite entanglement is defined with respect to
just one maximally multi-partite entangled state. Such
measures may describe the number of copies necessary,
but not sufficient to carry out a quantum information
protocol.
II. FOUNDATIONS AND MOTIVATION: THE
TRIPARTITE ENTANGLEMENT OF
FORMATION
Entanglement is defined by departure from separabil-
ity. If the joint quantum state of two parties A and B
factors out into a product of states (one for A and one for
B), or is a mixture of such products, that state is sepa-
rable. Any state not separable is by definition entangled.
The question of entanglement becomes more complex for
three or more parties, because there are multiple ways a
quantum state of three parties A, B, and C can factor
out into products of states contining fewer parties. As
such, any meaningful discussion of entanglement in three
or more parties requires pointing out from which classes
of separable (or partially-separable) states the entangle-
ment is being defined.
While the joint quantum state of ABC factoring out
into a triple product (one for A, one for B and one for C)
is fully separable (and so are mixtures of these products),
a joint quantum state ABC factoring out into only two
products (say, one for AB and one for C) is only bi-
separable (as are mixtures of these states). Bi-separable
states of ABC can contain entanglement between two
parties, but not between three (see Fig. 1 for diagram).
While all non-fully-separable states are entangled in some
fashion, non-bi-separable states of ABC may or may not
be genuinely tri-partite entangled. Measures of tripartite
entanglement rule out not just all forms of separability
in ABC, but also that the state of ABC can be made
out of any mixture of bi-separable states from different
classes (here called biseparably-derived). For a carefully,
concisely, and clearly laid out discussion of the hierarchy
of multi-parite entanglement and partial separability, see
[9].
A. The Tripartite entanglement of formation
The entanglement of formation EF (ρˆ) is one of the
most ubiquitous measures of two-party entanglement [13]
because of its desirable properties. Like all entanglement
measures, it satisfies the necessary axioms of entangle-
ment monotonicity. It is invariant under local unitary
transformations. It decreases monotonically under local
operations and classical communication (LOCC), and it
is zero for separable states. On top of this, EF is a faith-
ful measure (being zero if and only if the state is sepa-
rable), and it is additive under tensor products of pure
A⊗B⊗C
A⊗
BC
B⊗
AC
C⊗AB
A⊗B
A⊗
C B⊗
C
FIG. 1: Left: Diagram of the tripartite separability
classes of quantum states contained within the set of all
tri-partite states. The three classes of bi-separable
states contain the class of tri-separable states (triangle),
but there are states that are bi-separable in multiple
ways that are not tri-separable. Conversely, there are
mixtures of bi-separable states from different classes
that are fully inseparable (not within any class), but
which are still not tripartite-entangled. Right: Diagram
of the bipartite separability classes within the set of
tripartite quantum states. There are
tripartite-entangled states whose bipartite subsystems
are separable, and any bipartite separability class
encompasses the convex hull of two tripartite
separability classes.
states. As a resource measure, this means that EF for a
product of different pure states is the sum of EF for each
state individually. On top of this, EF is a popular mea-
sure because it has a simple physical interpretation in an
exemplary protocol. Where an ebit is a maximally en-
tangled 2-qubit state (i.e., a Bell state), EF (ρˆ) gives the
number of ebits required on average to synthezise copies
of ρˆ using LOCC, since LOCC alone cannot create en-
tanglement.
In 2015, Szalay [9] showed how one can generalize the
entanglement of formation to be a measure defined with
respect to any set of classes of separable states within
the hierarchy of multipartite states. For a quantum state
ρˆABC of parties A, B, and C, the tripartite entanglement
of formation E3F (ABC) is defined as:
E3F (ABC) ≡ min|ψi〉
(∑
i
pi min{Si(A), Si(B), Si(C)}
)
(1)
where the first minimum is taken over all pure-state de-
compositions of ρˆABC . If the joint state of ABC is
already pure, E3F simplifies to the minimum between
S(A), S(B), and S(C), where for example S(A) is the
Von Neumann entropy of subsystem A. For general
N -partite entanglement, the second minimum would be
taken over the entropies of all subsystems formed in a
bipartite split.
The tripartite entanglement of formation E3F is in-
variant under local unitary transformations, is non-
increasing under LOCC, and is nonzero if and only if
ρˆABC is genuinely tripartite entangled (i.e., cannot be
3derived from mixing product states with kets containing
two or fewer parties). What gives E3F potential as a
resource-based measure is that like the ordinary entan-
glement of formation EF , it is also additive under tensor
products of pure states. This means that when using
the three-party gebit as a principal unit of this aspect
of three-party entanglement, E3F (ρˆ) gives the number of
gebits that together would have the same amount of tri-
partite entanglement as ρˆ. In contrast, the most ubiqui-
tous measure of tripartite entanglement, the three-tangle
[6] is not additive on products of pure states, and can be
zero for some tripartite-entangled states, due to its being
a measure of residual entanglement [14].
III. BOUNDING TRIPARTITE
ENTANGLEMENT
To obtain a conservative bound to E3F , our approach
has two steps. We first develop a relation between E3F
and quantum conditional entropies, and then show how
experimental correlations can bound these quantum en-
tropies, bounding E3F in turn.
To begin, we point out that all quantum states of three
parties A, B, and C that are not genuinely tri-partite
entangled must obey the relation:
S(A|BC) + S(B|AC) + S(C|AB) ≥ −2 log(Dmax), (2)
where Dmax = max{DA, DB , DC} is the maximum di-
mension of parties A, B, and C, and S(A|BC) =
S(ABC) − S(BC) is the Von Neumann conditional en-
tropy of subsystem A on joint subsystem BC, of the tri-
partite state given by density matrix ρˆABC . We prove
that the amount of violation of this inequality provides
a lower limit to E3F .
To prove this relation bounds E3F from below, we be-
gin with the amount of violation V of (2):
V ≡ −S(A|BC)−S(B|AC)−S(C|AB)−2 log(Dmax) ≤ 0.
(3)
Next, we use the fact that the quantum entropy (includ-
ing conditional entropy) is concave, so that V cannot
decrease for any pure-state decomposition:
V≤
∑
|ψ〉i
pi
(
−Si(A|BC)−Si(B|AC)−Si(C|AB)
)
−2 log(Dmax)
(4)
and has no smaller value even for the minimal pure state
decomposition:
V ≤ min
|ψ〉i
{∑
i
pi
(
Si(A)+Si(B)+Si(C)
)}
−2 log(Dmax),
(5)
where for a pure state |ψ〉ABC , −S(A|BC) = S(A).
Between Si(A), Si(B), and Si(C), the two largest of
these three quantities are still each less than or equal to
log(Dmax). The factors of log(Dmax) cancel out in V to
give us the result
V≤min
|ψ〉i
{∑
i
pi
(
min{Si(A),Si(B),Si(C)}
)}
= E3F (ABC).
(6)
As large as the difference between (Si(A), Si(B), Si(C))
and log(Dmax) might be, this inequality is tight, in that
there are bi-separable entangled states for which the two
largest of (Si(A), Si(B), Si(C)) actually equal log(Dmax),
such as when two parties are in a maximally-entangled
Bell state, while the third stands alone.
Having shown how quantum conditional entropies pro-
vide a lower bound to E3F , we next show how experi-
mental correlations can bound these quantum entropies,
which in turn, bound E3F .
A. Discrete observables
Given a D-level quantum system, any pair of observ-
ables Qˆ and Rˆ obey the entropic uncertainty relation [15]:
H(Q) +H(R) ≥ log(Ω) + S(ρˆ), (7)
: Ω ≡ min
i,j
(
1
|〈qi|rj〉|2
)
where H(Q) is the Shannon entropy of the measurement
probabilities of the eigenstates of Qˆ:
H(Q) = −
∑
i
Tr
[
ρˆ|qi〉〈qi|
]
log
(
Tr
[
ρˆ|qi〉〈qi|
])
, (8)
and S(ρˆ) is the von Neumann entropy of the quantum
state ρˆ. The value Ω ranges between 1 and D, where
the minimum value is attained when Qˆ and Rˆ commute,
and the maximum value is attained when Qˆ and Rˆ are
maximally uncertain with respect to one another. Here
and throughout this paper, all logarithms are taken to
be base-2, since we measure information in bits.
The entropic uncertainty principle can be used to place
an upper limit on the quantum entropy of that system.
To bound quantum conditional entropy, we can use the
uncertainty principle in the presence of quantum memory
[16] adapted for classical entropies and for three parties:
H(QA|QB ,QC) +H(RA|RB ,RC)≥ log(Ω)+S(A|BC).
(9)
Expressed differently, this inequality is given as:
− S(A|BC)≥ log(Ω)−
(
H(QA|QB ,QC)+H(RA|RB ,RC)
)
.
(10)
Thus, using the experimental correlations between
(QA, QB , QC) and (RA, RB , RC), one can find minimum
values for −S(A|BC), −S(B|AC) and −S(C|AB), which
when added together with −2 log(Dmax), gives a mini-
mum value for E3F .
For pure states, one can more tightly bound E3F using
just the minimum value between −S(A|BC), −S(B|AC)
4and −S(C|AB). As long as the correlations are strong
enough that the lower bounds to each of these quantites
are greater than zero, the minimum of these bounds is a
lower bound to E3F .
B. Continuous observables
For continuous observables, we can bound the quan-
tum conditional entropies like S(A|BC) in a similar fash-
ion as for discrete observables. Using the methods in
[4], one can derive a corresponding entropy constraint
for continuous observables that are Fourier conjugates
of one another (e.g., position/momentum, energy/time,
field quadratures, etc). For position x and momentum
k = p/~, we have the relation
h(xA|xB , xC)+h(kA|kB , kC) ≥ log(2pi)+S(A|BC), (11)
where for example, h(xA|xB , xC) is the continuous Shan-
non entropy of probability density ρ(xA, xB , xC) condi-
tioned on variables xB and xC . To use a relation like
this experimentally, one can use the discrete probabili-
ties that come from coarse-graining x and k into bins of
size ∆x and ∆k, respectively. Because coarse-graining
cannot decrease entropy, we can use these discrete prob-
abilities in the relation:
H(XA|XB ,XC) +H(KA|KB ,KC)≥ log
( 2pi
∆x∆k
)
+ S(A|BC)
(12)
to establish a minimum value to −S(A|BC). However,
because the relation (2) between these quantum entropies
and E3F explicitly includes the dimension D, we can only
bound E3F from below for continuous-variable systems
if the underlying state is known to be pure. It may be
that tighter bounds exist if S(ABC) is known, since a
small deviation from a pure state should result in a small
change in the threshold for tripartite entanglement, but
more research is needed. This relation is still useful in
theoretical tests where the various entanglements of for-
mation of an infinite-dimensional pure tripartite state
cannot yet be computed (which is almost every case). In
Section III.D, we show how we can estimate E3F for the
triple-Gaussian wavefunction of photon-triplets produced
in third-order spontaneous parametric down-conversion.
C. Test1: The GHZ-Werner state and W state
In order to test the strength of our bound on E3F , we
evaluated both sides for a GHZ-Werner state of 3-qubits
defined as:
ρˆGW ≡ p |GHZ3〉〈GHZ3|+ (1− p)ρˆMM (13)
where
|GHZ3〉 ≡ 1√
2
(
|0〉⊗3 + |1〉⊗3
)
, (14)
0.2 0.4 0.6 0.8 1.0
p
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FIG. 2: Plot of the minimum value of E3F of ρˆGW as a
function of the GHZ fraction p using our quantitative
bound with measurement correlations. The shaded
region (p > 0.8298) indicates successful entanglement
quantification.
p is the GHZ mixing fraction between zero and one, and
ρˆMM is the maximally mixed state of three qubits. Be-
cause the GHZ-Werner state has such a simple form, we
were able to plot our lower bound to E3F as a function
of p the GHZ fraction (see Fig. 2):
Here, we see for p greater than 0.83, we reach the
threshold for quantifying tripartite entanglement, where
the largest lower bound of E3F is unity at p = 1, which
is also the exact value of E3F at that value of p. Though
there are smaller values of p sufficient to witness tripar-
tite entanglement (e.g., using the fidelity to the GHZ
state shows tripartite entanglement for p > 37 [17]), these
fidelity-based witnesses do not (as yet) give any informa-
tion about how much multipartite entanglement exists in
the system. Actually quantifying tripartite entanglement
gives us more information about the resources present.
In addition to the GHZ-Werner state, we also exam-
ined how our lower bound to E3F behaves for the three-
qubit W-Werner state:
ρˆWW ≡ p |W3〉〈W3|+ (1− p)ρˆMM (15)
where
|W3〉 ≡ 1√
3
(
|0, 0, 1〉+ |0, 1, 0〉+ |1, 0, 0〉
)
, (16)
p is the W mixing fraction between zero and one, and
ρˆMM is the maximally mixed state of three qubits. For
all values of p, we found no violation. However, we can
still find a nontrivial bound to E3F for the W state itself
because it is a pure state. Since for pure states, we only
need to bound all entanglement entropies from below,
and |W 〉 is symmetric under exchange of parties, it is
straightforward to show that E3F ≥ 0.4425 gebits (where
explicit calculation of E3F for |W 〉 gives ≈ 0.9183 gebits).
5D. Test 2: HD entanglement of photon triplets
1. spatial entanglement
For photon triplets generated in third-order degen-
erate collinear spontaneous parametric down-conversion
(TODC-SPDC), the momentum wavefunction in one spa-
tial dimension is given by:
ψ(k1, k2, k3) = Nψpump(k1 + k2 + k3)×
× Sinc
(3Lz
4kp
(
(k1 + k2)
2 + (k2 + k3)
2 + (k3 + k1)
2
))
.
(17)
See Appendix A for derivation. The sum of squares of
sums of momentum inside the sinc function is a quadratic
form, and can be expressed in terms of rotated orthogonal
momentum coordinates:
(k1 + k2)
2 + (k2 + k3)
2 + (k3 + k1)
2
= k2u + k
2
v + 4k
2
w, (18)
where ku =
1√
6
(2k1 − k2 − k3). kv = 1√2 (k2 − k3), and
kw =
1√
3
(k1 + k2 + k3). Since this sinc function approx-
imately factors into a product of sinc functions for each
orthogonal component, and because we can approximate
the sinc function with a Gaussian function [18] (as well as
the pump), we eventually arrive at the following form for
the triple-Gaussian wavefunction for third-order SPDC:
ψ(ku, kv, kw) = NExp[−8a
9
k2u]× Exp[−
8a
9
k2v]
× Exp[−(σ2p +
32a
9
)k2w] (19)
where a ≡ 3Lzλp8pinp . Here: Lz is the length of the nonlinear
medium; λp is the wavelength of the pump light; np is the
index of refraction of the nonlinear medium at the pump
wavelength; σp is one quarter of the 1/e
2 beam diameter
of the pump beam, and N is a normalization constant.
The spatial multipartite entanglement in third-order
SPDC is a consequence of strong momentum correlations
due to momentum conservation with the pump, along
with near-perfect position correlations due to the tripho-
ton being created at one point in space. Because the
correlations are between three parties, the uncertainty
principle forbids near-perfect correlations [19] in both po-
sition and momentum (See Appendix C1 for details).
Using the triple-Gaussian wavefunction, and its
Fourier transform for both position and momentum
statistics, we are able to evaluate all of the entropies nec-
essary to place a lower limit to E3F . As an example, we
consider a 10 mm-long crystal of Aluminum Nitride, a
nonlinear material with a bandgap of ≈ 6eV (transparent
from about 200nm to > 15µm), and a third-order non-
linear susceptibility (χ(3)) of approximately 160pm2/V 2
(or nonlinear index of about 2.3×10−19m2/W ). If we as-
sume a 325nm pump (with index np = 2.247) and beam
a)
b)
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FIG. 3: a) Plot of the minimum value of the tripartite
entanglement of formation E3min ≤ E3F (obtained from
conditional position and momentum entropies in one
dimension) of an entangled photon triplet generated in
degenerate, collinear third-order SPDC. Guidelines
indicate values of E3F = 1.0 and 4.808 gebits, and
values of σp = 0.016, 0.064, and 1.0 mm, respectively.
The dotted curve is the approximation
E3min ≈ log2(σ1/σv)− 0.73518, where the constant is
independent of a and σp; σv = σ(x2 − x3)/
√
2 =
√
8a/9
(see Appendix C) and σ1 = σ(x1) = (1/3)
√
16a+ 3σ2p.
b) Plot of E3min in the frequency-time degree of
freedom for the photon triplet source as a function of
the pump bandwidth parameter σωp . Vertical guidelines
indicate σωp = 1.94GHz and 27.3THz for pump and
marginal widths using a He Cd gas laser. Horizontal
guidelines give respective values of E3min of 0.0 and
12.54 gebits. The dotted trendline is the approximation
E3min ≈ log2(σ(ω1)/σωp)− 1.23518, becoming exact in
the limit of small σωp . σ(ω1) is given as
σ(ω1) =
√
9(3+16bσωp )
16b(9b+32b2σ2ωp )
.
radius σp = 1.0mm, then we find E3F is no less than
approximately 4.808 gebits, or more tripartite entangle-
ment than can be supported on a 14-qubit state space
(See Fig. 3a for plot).
2. Energy-time entanglement
In the limit of a narrowband pump, there is even more
tripartite entanglement to be had in third-order SPDC.
This is especially fortunate, as single-mode nonlinear op-
tical waveguides can greatly enhance the efficiency of
photon triplet generation by maintaining a high inten-
6sity over the entire length of the nonlinear medium. The
joint frequency amplitude is given by the integral:
ψ(ω1, ω2, ω3)=N
∫
dωpψpump(ωp)δ(∆ω)Sinc
(Lz∆kz
2
)
.
(20)
Expanding, ∆kz to second order in frequency, and sim-
plifying in the same fashion as was used to obtain the
spatial wavefunction, we obtain:
ψ(ω1, ω2, ω3) = Nψpump(ωw
√
3)×
× Sinc
(Lzκ
4
(
ω2u + ω
2
v + ω
2
w
))
. (21)
where ωu =
1√
6
(2ω1 − ω2 − ω3). ωv = 1√2 (ω2 − ω3),
ωw =
1√
3
(ω1 + ω2 + ω3 − ωp0), and ωp0 is a constant
equal to the center frequency of the pump light. In ad-
dition, b ≡ Lzκ/4 and κ is the group velocity dispersion
(d2k/dω2) at one third of the pump frequency. As with
the case in spatial entanglement, we use these orthogo-
nal frequency coordinates and approximate the joint fre-
quency amplitude as a product of three Gaussian func-
tions, one in each coordinate:
ψ(ωu, ωv, ωw) = NExp[−8b
9
ω2u]× Exp[−
8b
9
ω2v ]
× Exp[−( 1
4σ2ωp
+
8b
9
)ω2w] (22)
Using this joint frequency amplitude to describe the light
in the same setup where we previously quantified spatial
entanglement, we find (see Fig. 3b) that there is just
as much potential for very large amounts of three-party
entanglement as has been shown for two-party entangle-
ment in the energy-time degree of freedom of ordinary
second-order SPDC [4]. Using the same experimental ex-
ample as we did for spatial entanglement, and assuming
the relatively broad bandwidth of a 325nm He-Cd gas
laser σ(ωp) ≈ 1.9GHz, we predict approximately 12.54
gebits, or more tripartite entanglement than a 37-qubit
state can support. The amount is only limited by how
narrow one can make the bandwidth of the pump light,
which is readily available at MHz- or even KHz-scale
bandwidths with current technology.
As with many other photon triplet sources, it is a sub-
ject of ongoing research [20, 21] to increase the triplet
generation rate to make them more feasible. Knowing
how much tripartite entanglement can be present in these
degrees of freedom, we see that there is much to be ex-
cited about in the resources contained in these states.
IV. DISCUSSION: CHALLENGES IN
QUANTIFYING MULTIPARTITE
ENTANGLEMENT
Properly quantifying tripartite entanglement for mixed
states is a formidable challenge for a number of rea-
sons. For two parties, entanglement can be quantified
in terms of ebits (or Bell pairs), which, with LOCC can
be used to synthesize any two-party state. For three par-
ties however, there is no known Minimum Reversible En-
tanglement Generating Set (MREGS) of entangled states
from which all three-party states can be synthesized via
LOCC. Even including Bell pairs for every bipartite sub-
system and for every bipartite split of the tripartite sys-
tem (i.e., the set of maximally entangled states with rep-
sect to every separability class) is still not sufficient to
synthesize every tripartite state [22]. While this set of
states can generate any tripartite state within any bi-
separable class via LOCC, there are fully inseparable
states that cannot be synthesized in this way.
That said, we have shown how experimental corre-
lations can be used to bound the amount of tripartite
entanglement (as measured by E3F ) from below. We
have shown its effectiveness both for low-dimensional sys-
tems, and for high-dimensional continuous-variable sys-
tems. An intriguing open question is whether similar en-
tropic bounds exist for N -partite generalizations of the
entanglement of formation (ENF for N > 3). Tripar-
tite entanglement is special because there are only three
bipartite splits of three parties. For N partites, there
are (2N−1 − 1) bipartite splits, making the number of
measurements grow exponentially with N . However, one
can use entropic correlations to witness multi-partite en-
tanglement in a scalable way (though the fidelity to the
N -partite GHZ state remains optimal [17]) if the corre-
lations are strong enough. For N parties correlated in
observables Qˆ and Rˆ, violating the inequality
N∑
i=1
(
H(Qi|Qi+1)+H(Ri|Ri+1, ..., Ri+(N−1))
)
≥2 log(Ω),
(23)
(where the sum wraps around N to 1 again) will witness
genuine N -partite entanglement, and is maximally vio-
lated with an N -partite GHZ state (See Appendix B for
details). Better still, if the state to be measured is suffi-
ciently close to a target state (e.g., the N -partite GHZ
state), one can measure a small number of density ma-
trix elements to efficiently quantify as well as qualify its
multi-partite entanglement.
A. Quantifying multi-partite entanglement close to
target states with individual density matrix elements
Although our paper shows how experimental correla-
tions can quantify E3F with minimal prior knowledge of
the state, we have recently found in the literature that
there exist highly-efficient solutions to quantify entangle-
ment when the state being measured is close to a known
state. While a sufficiently high fidelity to a particu-
lar multi-partite-entangled target state witnesses multi-
partite entanglement [17], one can use similar custom-
tailored bounds to also quantify the multi-partite entan-
glement as well.
7In [23], Wu et al showed how specific elements of a den-
sity matrix can be used to efficiently bound from below
a measure of genuine N -partite entanglement based on
the linear entropy SL(ρˆ) = 2[1 − Tr[ρˆ2]]. Their measure
given here as ENL, is given by:
ENL(ρˆ) = min|ψ〉
∑
i
pi min
γ
√
SL(ρˆγi), (24)
where γ in an index running over all possible subsystems
formed by tracing over one side of a bipartite split, and
ρˆγi is the density operator of the γ subsystem of the i-th
pure state in the decomposition of the full N -party state.
They also point out how ENL(ρˆ) is related to ENF (ρˆ)
through convexity arguments and relations between dif-
ferent entropy functions.
The function − log(1−x2/2) is a convex function of x.
The quantum collision entropy SC(ρˆ) is − log2(Tr[ρˆ2]),
and is a direct function of the linear entropy:
SC(ρˆ) = − log2
(
1−
√
SL(ρˆ)
2
2
)
. (25)
Because of this convexity, and that ENL(ρˆ) is a mean
value of
√
SL, we can say the following. Given a bound
B ≤ ENL, it follows that:
− log2
(
1− B
2
2
)
≤ ENC(ρˆ) ≤ ENF (ρˆ), (26)
where
ENC(ρˆ) = min|ψ〉
∑
i
pi min
γ
SC(ρˆγi), (27)
and the last inequality bounding ENF comes from SC(ρˆ)
being less than or equal to the von Neumann entropy of
the same density matrix. To construct this bound B, we
refer the reader to [23] and [24], but here we give the
specific example well-adapted to the N -qubit GHZ state:
B = 2|〈0⊗N |ρˆ|1⊗N 〉|
−
2N−2∑
q=1
√
〈q|ρˆ|q〉〈2N−1− q|ρˆ|2N−1− q〉. (28)
To explain the compact notation with an example, q = 5
expressed in binary is 101, and the four-qubit ket |q〉 for
q = 5 is given by |0, 1, 0, 1〉. This bound B is as tight as
the fidelity-based witnesses in [17], having an equal tol-
erance for noise in the GHZ-Werner state for N qubits
(e.g., p > 3/7 implies B > 0 and E3F > 0 for the three-
qubit ρˆGW .), while providing the additional information
of a minimum nonzero value for the entanglement mea-
sure. However, this bound works well only for states close
to the N -qubit GHZ state. If one instead inputs the
W state, the bound B < 0 and no multi-partite entan-
glement could be quantified (though bounds constructed
especially for states close to the W state work well).
Interestingly, the bound B adapted to states close to
the N -qubit GHZ state can be further improved without
losing its robustness to noise. The second term in (28)
is expressible as an inner product between two vectors.
Using the Cauchy-Schwarz inequality, and the fact that
summing over all probabilities gives unity leaves us with
the result:
B ≥ 2|〈0⊗N |ρˆ|1⊗N 〉|
+ |〈0⊗N |ρˆ|0⊗N 〉|+ |〈1⊗N |ρˆ|1⊗N 〉| − 1 (29)
In other words, by summing the magnitudes of just the
four corner-elements of the N -qubit density matrix, any
sum greater than unity witnesses genuine N -partite en-
tanglement, and the amount by which it is greater than
unity is a lower bound for B, which in turn gives a lower
bound for ENF . This restricted bound is equally ro-
bust to noise, and is equally optimized for states close to
the GHZ state. For high-dimensional quantum systems,
where maximally correlated systems still have a compar-
atively large number of significant elements of the density
matrix, research into efficiently quantifying multipartite
entanglement is ongoing.
V. CONCLUSION
In our investigations, we have developed a relation that
allows us to bound from below the tripartite entangle-
ment of formation E3F , both for general 3-qudit systems
(where each system can have independent dimension),
and for pure-state continuous-variable systems. In do-
ing so, we found that photon triplets generated in third-
order spontaneous parametric down-conversion have sev-
eral three-party gebits (i.e., 3-qubit-GHZ states) worth
of tripartite entanglement both in their spatial and es-
pecially in their energy-time degrees of freedom. In do-
ing this, we have come across fundamental challenges in
quantifying multi-partite entanglement, where a single
number is insufficient to characterize all forms of entan-
glement present in a multi-partite state. However, this
may yet be resolved. While gebits and all bipartite ebits
are not sufficient to synthesize every tripartite state, they
also cannot be converted into each other by LOCC, and
represent resources in their own right. Futher developing
E3F and other resource measures of multi-partite entan-
glement may shed much light on this issue.
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9Appendix A: Derivation of the spatial wavefunction for third-order degenerate collinear SPDC
Just as ordinary second-order SPDC is described by the Hamiltonian [27]:
HˆNL =
1
3
∫
d3r
(
ζ
(2)
ij` (~r)Dˆ
+
i (~r, t)Dˆ
−
j (~r, t)Dˆ
−
` (~r, t) + H.C.
)
, (A1)
third-order Spontaneous parametric down-conversion is described by the nonlinear-optical Hamiltonian:
HˆNL =
1
4
∫
d3r
(
ζ
(3)
ij`m(~r)Dˆ
+
i (~r, t)Dˆ
−
j (~r, t)Dˆ
−
` (~r, t)Dˆ
−
m(~r, t) + H.C.
)
. (A2)
Here, ζ
(3)
ij`m(~r) is the third-order inverse nonlinear-optical susceptibility tensor, and:
Dˆ−(~r, t) = −i
∑
~k,s
√
0n2~k
~ω~k
2V
aˆ†~k,s~~k,se
i(~k·~r−ω~kt) (A3)
is the operator for the negative frequency component of the electric displacement field. In addition, aˆ†~k,s is the creation
operator for a photon of momentum indexed by ~k and polarization indexed by s, with polarization direction ~~k,s, and
quantization volume V .
Next, we are able to use first-order time-dependent perturbation theory to describe the state of the down-converted
light because of its relatively low probability. Given that a large scale experiment might have as much of 10 meters
of optical path length, a pair generation rate of 30 million per second would still have no more than one pair in
the experiment at any given time. Photon triplet sources have not yet reached this generation rate, so it is a valid
approximation to use the first order.
Since we are only interested in the spatially varying aspect of third-order SPDC, we lump together all constants
that do not vary spatially into the normalization constant N :
|ψ3SPDC〉 ≈ N
∑
~kp,~k1,~k2,~k3
∫
dt
∫
d3rχ
(3)
eff (~r)e
i∆~k·~re−i∆ωtaˆ~kp aˆ
†
~k1
aˆ†~k2 aˆ
†
~k3
|α~kp , 0, 0, 0〉 (A4)
Here, the state is given as an operator acting on the initial state of the field,which is the vacuum state at the
down-converted frequencies and a coherent state at the pump frequencies.
Next, we use the paraxial approximation to separate the transverse and longitudinal dependence of the pump,
signal, and idler fields. The integral over dt enforces ∆ω ≈ 0, and the integrals over x and y where the nonlinear
medium is larger than the pump beam enforces transverse momentum conservation: ∆kx ≈ 0 ≈ ∆ky. Where the
pump beam’s coherence is much longer than the nonlinear medium of length Lz and susceptibility χ
(n)
eff , the integral
over z is a finite sinc function, and would be over-simplified by approximating to a delta function. With these steps,
the state of the down-converted field (pump omitted) simplifies to:
|ψ3SPDC〉 ≈ N
∑
~q1,~q2,~q3
αp(~q1 + ~q2 + ~q3)Sinc
(∆kzLz
2
)
aˆ†~q1 aˆ
†
~q2
aˆ†~q3 |0, 0, 0〉 (A5)
where ~q = ~k− kz zˆ is the projection of ~k onto the xy plane, and αp(~q) is the amplitude of the pump field at transverse
momentum ~q. To continue the simplification, we take the continuum limit, replacing sums by integrals, and converting
discrete momentum creation operators into continuous momentum creation operators:
|ψ3SPDC〉 ≈ N
∫
d2q1d
2q2d
2q3Ψ(~q1, ~q2, ~q3)aˆ
†
~q1
aˆ†~q2 aˆ
†
~q3
|0, 0, 0〉 (A6)
with the triphoton wavefunction given by:
Ψ(~q1, ~q2, ~q3) ≡ αp(~q1 + ~q2 + ~q3)Sinc
(∆kzLz
2
)
(A7)
With this, we need to express ∆kz in terms of the transverse momenta ~q.
To understand how the longitudinal momentum offset ∆kz corresponds to the transverse momenta of the daughter
photons, we point to Figure 4. In collinear third-order SPDC, the transverse components of the daughters’ momenta
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FIG. 4: Diagram of the momentum vectors adding up to the pump momentum vector aligned in the z direction.
must add to zero, while the longitudinal components sum to a total that differs from the pump by amount ∆kz. Since
we assume approximately degenerate third-order SPDC, the magnitude of the momenta of the daughter photons are
equal to each other, and at one third of the pump momentum. These specifications, give us the longitudinal relation:
∆kz =
kp
3
(
3− cos(θ1)− cos(θ2)− cos(θ3)
)
(A8)
which in the small angle approximation becomes:
∆kz ≈ kp
3
(θ21
2
+
θ22
2
+
θ23
2
)
(A9)
Then, the transverse relation simplifies in a similar way:
θ1 ≈ |~q1|
k1
=
|~q2 + ~q3|
k1
=
3
kp
|~q2 + ~q3| (A10)
giving us the triphoton wavefunction:
Ψ(~q1, ~q2, ~q3) ≡ αp(~q1 + ~q2 + ~q3)Sinc
(3Lzλp
8pinp
(|~q1 + ~q2|2 + |~q2 + ~q3|2 + |~q3 + ~q1|2)) (A11)
The final approximation, giving the triphoton spatial wavefunction in this paper is that the sinc function is approxi-
mately separable into a product of two sinc functions, one for each dimension (i.e., sinc(x2 + y2) ≈ sinc(x2)sinc(y2)),
which is valid both for small values of the sinc function, and for its later approximation as a Gaussian function.
Appendix B: Proof of entropic criterion for N partite entanglement
Our entropic criterion for N -partite entanglement is given by the cyclic sum of entropies:
N∑
i=1
(
H(Qi|Qi+1)+H(Ri|Ri+1, ..., Ri+(N−1))
)
≥2 log(Ω), (B1)
where the index i+ (N − 1) wraps around from N to 1, when i is sufficiently large.
Any biseparably-derived state is a mixture of pure biseparable states of different classes. From this, we find the
following:
N∑
i=1
(
H(Qi|Qi+1)+H(Ri|Ri+1, ..., Ri+(N−1))
)
≥
∑
j
pj
∑
k
qjk
(
N∑
i=1
(
H(Qi|Qi+1)+H(Ri|Ri+1, ..., Ri+(N−1))
))
jk
(B2)
where the sum over j is for each class of biseparable states, and for k, the pure states within each class. Because we
are summing over cyclic permutations, any bipartite split must eliminate two correlations instead of one (see Fig. 5).
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FIG. 5: Diagram of graph expressing correlation structure of our N -partite entanglement criterion (here, N = 5 as
an example). By using a cycle graph, we see that any cut has to eliminate at least two edges (correlations).
Because of this, any split must for two values of i reduce H(Qi|Qi+1) to H(Qi). The rest of the proof follows:
N∑
i=1
(
H(Qi|Qi+1)+H(Ri|Ri+1, ..., Ri+(N−1))
)
≥
∑
j
pj
∑
k
qjk
(
N∑
i=1
(
H(Qi|Qi+1)+H(Ri|Ri+1, ..., Ri+(N−1))
))
jk
≥
∑
j
pj
∑
k
qjk
(
2 values∑
i
(
H(Qi)+H(Ri|Ri+1, ..., Ri+(N−1))
))
jk
≥
∑
j
pj
∑
k
qjk
(
2 values∑
i
(
H(Qi|Ri+1, ..., Ri+(N−1))+H(Ri|Ri+1, ..., Ri+(N−1))
))
jk
≥
∑
j
pj
∑
k
qjk
(
2 values∑
i
(
log(Ω)
)
jk
)
≥
∑
j
pj
∑
k
qjk
(
2 log(Ω)
)
= 2 log(Ω) (B3)
1. Side note: Extension to complete graphs
Any cut of a cyclic graph with N vertices eliminates at least two edges. The entropic criterion we developed with
this uses N pairs of entropies and has a bound of 2 log(Ω). Any cut of a complete graph with N vertices eliminates at
least N − 1 edges. If we were to develop a multipartite entropic criterion that uses all pairs of correlations, we would
need N(N −1)/2 pairs of entropies, but it would give a bound of (N −1) log(Ω). For states that are symmetric under
exchange of parties, the sum of entropies and the bound would both increase by the same factor of N − 1, giving no
advantage to summing over all pairwise correlations.
Appendix C: Approximation to continuous-variable entanglement formulas
In Figs. 3a and 3b, we were able to plot E3F as a function of the pump width, and the pump bandwidth respectively
because for a Gaussian wavefunction, the solution was analytic. The trendlines given as logarithms of ratios of different
widths were discovered and not derived, though we think such a derivation is possible.
The reasoning behind these trendlines is that for ordinary SPDC, the double-Gaussian wavefunction ψ(x1, x2) has
an entanglement bounded by the logarithm of its Schmidt number K, [18] which is given as the ratio of the marginal
width σ(x1) over the correlated width σ(x1|x2) ≈ σ(x1 − x2). Using the logarithm of the corresponding ratio for the
triphoton wavefunction yielded excellent if not exact agreement.
In energy and time, the ratio we used yielded a good, but less accurate approximation to the entanglement present.
This makes sense because the relationship between correlated quantities before and after a Fourier transform is
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FIG. 6: Diagram of triple-Gaussian wavefunction ψ(x1, x2, x3). In position, x1 ≈ x2 ≈ x3, and the resulting
wavefunction is narrow along the two principal coordinates xu and xv, but longer in xw. In momentum space, the
biphoton wavefunction is Fourier-transformed, becoming wide in ku and kv, but narrow in kw.
different between three parties than for two. For two parties, a long skinny double-Gaussian wavefunction has two
principal widths with a given ratio between them. After transforming between position and momentum, long widths in
position transform to short widths in momentum, and the wavefunction remains long and skinny, albeit in a different
direction. For three parties, there are three principal widths that get transformed in the same way. Because of this, a
triphoton wavefunction cannot remain long and skinny in both position and momentum. Instead, prolate correlations
in position transform to oblate correlations in momentum, and vise versa (see Fig. 6). The uncertainty principle
limits the strength of correlations between three or more pairs of conjugate observables, even though it does not for
two.
1. Side note: Optimum multipartite correlations are not perfect
The notion that the uncertainty principle prevents conjugate observables from being perfectly correlated when
considering three or more parties, was first discussed in [2], where Epping showed algebraically that N qubits perfectly
correlated in one set of observables cannot be perfectly correlated, even pairwise, in the conjugate set. Using the
entropic uncertainty principle in the presence of quantum memory, adapted for classical measurements of multiple
parties, one can make this relationship more general and transparent for arbitrary conjugate observables Qˆ and Rˆ:
H(Q1,...,QN−1|QN) +H(R1,...,RN−1|RN) ≥(N − 1)log(D) + S(A1, ..., AN−1|AN ) ≥(N − 2)log(D). (C1)
Here, we see that in the limit that Qˆ is perfectly correlated (so that QN determines all of (Q1, ..., QN−1) and
H(Q1,...,QN−1|QN) = 0, Rˆ is nowhere near so well correlated, and H(R1,...,RN−1|RN) ≥ (N − 2)log(D). The best
possible correlation in Rˆ can be shown by rearranging the relation:
H(Q1, Q2, ..., QN−1|QN ) +H(R1|R2, ..., RN ) ≥(N − 2)log(D)−H(R2, ..., RN−1|RN ) ≥ 0. (C2)
In other words, if one variable Qi determines the rest of the set (Q1, ..., QN ), then at best, all but one variable in the
set (R1, ..., RN ) is needed to determine the rest of the set (R1, ..., RN ).
Appendix D: Equivalance between two 3-party gebits and one 4-level 3-party GHZ state
Given two, 3-party gebits shared by 3 parties (A1, B1, C1, A2, B2, C2), where the sub-index indicates the first or the
second copy of the subsystem sent to A, B, or C, the joint state |ψ〉 is given by:
|ψ〉 =
(
1√
2
(|0, 0, 0〉+ eiφ1 |1, 1, 1〉))⊗( 1√
2
(
eiφ2 |0, 0, 0〉+ eiφ3 |1, 1, 1〉))
=
1
2
(
|0, 0, 0〉 ⊗ |0, 0, 0〉+ eiφ1 |0, 0, 0〉 ⊗ |1, 1, 1〉+ eiφ2 |1, 1, 1〉 ⊗ |0, 0, 0〉+ eiφ3 |1, 1, 1〉 ⊗ |1, 1, 1〉
)
=
1
2
(
|0, 0, 0, 0, 0, 0〉+ eiφ1 |0, 0, 0, 1, 1, 1〉+ eiφ2 |1, 1, 1, 0, 0, 0〉+ eiφ3 |1, 1, 1, 1, 1, 1〉
)
. (D1)
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Something interesting occurs when we re-group the indices by party from (A1, B1, C1, A2, B2, C2) to
(A1, A2, B1, B2, C1, C2). We obtain the state:
|ψ〉′ = 1
2
(
|0, 0, 0, 0, 0, 0〉+ eiφ1 |0, 1, 0, 1, 0, 1〉+ eiφ2 |1, 0, 1, 0, 1, 0〉+ eiφ3 |1, 1, 1, 1, 1, 1〉
)
=
1
2
(
|0, 0〉 ⊗ |0, 0〉 ⊗ |0, 0〉+ eiφ1 |0, 1〉 ⊗ |0, 1〉 ⊗ |0, 1〉+ eiφ2 |1, 0〉 ⊗ |1, 0〉 ⊗ |1, 0〉+ eiφ3 |1, 1〉 ⊗ |1, 1〉 ⊗ |1, 1〉
)
,
(D2)
which is a GHZ-state of three 4-level systems (albeit with each 4-level system being made out of a product state of
two parties). Where the arbitrary phases (φ1, φ2, φ3) can only be identified when all parties cooperate, the utility
of GHZ states in quantum secret sharing protocols is self-evident. It is similarly straightforward to show that the
three-party entanglement of n 3-party gebits is equivalent to one, 2n-level 3-party GHZ state, both formally, and in
their capacity of quantum secret sharing.
